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Porous mediaAbstract Magnetohydrodynamic (MHD) stagnation point flow and heat transfer problem from a
stretching sheet in the presence of a heat source/sink and suction/injection in porous media is stud-
ied in this paper. The governing partial differential equations are solved using the Chebyshev spec-
tral method based perturbation approach. The method, namely the spectral perturbation method
(SPM), is a series expansion technique which extends the use of the standard perturbation approach
by coupling it with the Chebyshev pseudo-spectral method. Series solutions for small velocity ratio
and asymptotic solutions for large velocity ratio are generated and the results are also validated
against those obtained using the spectral quasi-linearisation method (SQLM). It is seen from this
study that the SPM can be used as an alternative approach to find numerical solutions for compli-
cated expansions encountered in perturbation schemes. The results are benchmarked with previ-
ously published results.
 2015 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The flow of a stagnation point in a plane was pioneered by
Hiemenz [1]. He considered a two-dimensional stagnation flow
problem on a stationary plate and used similarity transforma-
tions to reduce the Navier–Stokes equations to nonlinearordinary differential equations. Since then, many researchers
have extended the idea to consider different aspects of the stag-
nation point flow problems. Stagnation point flow is still
attracting many researchers’ attention because of its various
practical applications. These applications include the cooling
of electronic devices, the cooling of nuclear reactors during
emergency shutdown, hydrodynamic processes in engineering
applications, MHD generators and cooling of infinite metallic
plates in a bath, metallurgical processes, such as drawing,
annealing and tinning of copper wires [2,3]. Hydromagnetic
stagnation point flow and heat transfer finds applications in
boundary layers along material handling conveyers, in aerody-
namic extrusion of plastic sheets and in blood flow problems.n Shams
Figure 1 Physical model of the flow.
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considered by many researchers. Ishak et al. [4] used the
Keller-box numerical scheme to investigate the steady two-
dimensional MHD stagnation point flow towards a stretching
sheet with variable surface temperature. The steady magneto-
hydrodynamic mixed convection stagnation point flow of an
incompressible, viscous, and electrically conducting fluid over
a vertical flat plate was studied by Ali et al. [5]. In their study
[4,5], numerical solutions were generated using an implicit
finite-difference scheme. Ali et al. [6] carried out a numerical
investigation of the steady laminar two dimensional nonlinear
MHD stagnation point flow and heat transfer of an incom-
pressible viscous fluid towards a stretching sheet. In their study
the induced magnetic field, viscous dissipation and radiation
effects were taken into consideration. A numerical solution
was generated using the finite difference method. Al-sudais
[7] carried out a numerical study using the shooting method
to investigate the effects of variable thermal conductivity and
heat source/sink on MHD boundary-layer flow of a viscous
fluid near a stagnation point on a non-conducting stretching
sheet. The Runge–Kutta fourth order method with a shooting
technique was used by Ibrahim et al. [8] to analyse the effect of
a magnetic field on stagnation point flow and heat transfer due
to a stretching sheet.
Mahapatra et al. [9] used the shooting method to investi-
gate the effect of a uniform transverse magnetic field on
two-dimensional stagnation point flow of an incompressible
viscous electrically conducting fluid over a stretching surface.
Numerical investigation of stagnation point flow over a
stretching sheet with convective boundary conditions was car-
ried out by Mohamed et al. [10] using the shooting method.
Nandy [11] generated analytical solutions of MHD stagnation
point flow and heat transfer of Casson fluid over a stretching
sheet with partial slip. The homotopy analysis method was
used in this study to generate the analytical solutions. Khan
et al. [12] and Gul et al. [13] used homotopy perturbation
method to solve their problems. Other stagnation point flow
studies were carried out by Pop et al. [14], Qi and Hong-
Qing [15], Ramesh et al. [16], Rasekh et al. [17], Sharma and
Singh [18], Yian et al. [19–24]. Makinde and Charles [25],
Makinde [26], Shateyi and Makinde [27], Seini and Makinde
[28], Ibrahim and Makinde [29] examined stagnation point
flow in the presence of magnetic field.
The current study is a numerical investigation of a steady,
two-dimensional flow and heat transfer of an incompressible
electrically conducting fluid near a stagnation point. We use
a spectral perturbation method (SPM) to generate the numer-
ical solutions of the skin friction coefficient, heat transfer rate,
velocity and temperature profiles. Series solutions using a
small perturbation parameter and asymptotic solutions for
large perturbation parameter were generated to study the
behaviour of the solution for the two cases. The SPM is a
recent development that purposes to improve the performance
of the ordinary perturbation methods.
In general, perturbation approaches use small quantities
(called perturbation parameters) to transform a nonlinear
problem into a infinite number of linear sub-problems. The
solution of the nonlinear problem is then approximated by
the sum of solutions of the first several sub-problems.
However, the dependence of perturbation methods on the
perturbation quantity brings perturbation methods to serious
limitations. Firstly, not all nonlinear problems have suchPlease cite this article in press as: Agbaje TM et al., A new numerical approach to MH
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plicated; therefore, it is more difficult to get higher-order per-
turbation approximations. Also, if the perturbation parameter
multiplies the highest derivative term, the results may be erro-
neous due to the first approximation being governed by a
lower order equation which may not satisfy all the given initial
boundary conditions. Nonetheless, the problem under study is
suitable to solve using perturbation methods when the velocity
ratio parameter () is sufficiently small because of the following
reasons. Firstly, the perturbation parameter exists in the prob-
lem, in both the equations and boundary conditions. Secondly,
it does not multiply the highest derivative term, hence when
 ¼ 0, the first approximation will be a true representation of
the solution. We use the proposed SPM, and then solve the
resulting equations using the Chebyshev spectral method,
numerically. This makes it possible to get higher-order pertur-
bation approximations even for complicated equations. The
Chebyshev spectral method is chosen because spectral methods
are well known for their high accuracy levels. The SPM
approximate solutions are validated using the spectral quasi-
linearisation method (SQLM) (which is a generalised
Newton–Raphson method).2. Problem formulation
Consider a steady, two-dimensional flow and heat transfer in
porous media from an incompressible electrically conducting
fluid near the stagnation point on a heated stretching surface
with free stream velocity U1ðxÞ and uniform ambient tempera-
ture T1. The free stream velocity and the stretching velocity
UwðxÞ are assumed to be varying proportionally to x, the dis-
tance from the stagnation point, i.e. U1ðxÞ ¼ bx and
UwðxÞ ¼ ax. The constants a and b are such that a > 0 and
bP 0. The mass flux velocity is VwðxÞ and will be defined in
detail later. The surface of the sheet is assumed to be subjected
to a temperatureTwðxÞ ¼ T1 þ cxn, where c and n are constants
with c > 0 at the heated surface. A uniform magnetic field of
strength B0 is assumed to be applied in the positive y-direction
normal to the stretching sheet. The magnetic Reynolds number
is assumed to be small, and thus the induced magnetic field is
negligible. The flow model is shown in Fig. 1. Under the aboveD stagnation point flowand heat transfer towards a stretching sheet, Ain Shams
MHD stagnation point flow and heat transfer 3assumptions, the simplified two-dimensional boundary layer
equations governing the flow and heat transfer are as follows:
@u
@x
þ @v
@y
¼ 0; ð1Þ
u
@u
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þ v @u
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þ m @
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K
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@x
þ v @T
@y
¼ a @
2T
@y2
þ Q
qcp
ðT T1Þ; ð3Þ
subject to the boundary conditions
u ¼ UwðxÞ; v ¼ VwðxÞ; T ¼ TwðxÞ; at y ¼ 0; ð4Þ
u! U1ðxÞ; T! T1 as y!1: ð5Þ
In Eqs. (1)–(5), u and v are the velocity components along the
x- and y-axes respectively, m is the kinematic viscosity, q is the
fluid density, a is the thermal diffusivity, K is the constant per-
meability of the porous medium, cp is the specific heat capacity
at constant pressure, Q represents the temperature-dependent
heat source/sink (source when Q > 0 and sink when Q < 0)
and r is the electrical conductivity. The fluid is fully developed
and the temperature of boundary condition is constant
because of the constant heat flux.
Eqs. (2) and (3) are transformed into the non-dimensional
ordinary differential equations by the following trans-
formation:
g ¼ a
m
 1
2
y; fðgÞ ¼ w
ðamÞ12x
; hðgÞ ¼ T T1
Tw  T1 ; ð6Þ
where w is the stream function defined in the usual way as
u ¼ @w
@y
; v ¼  @w
@x
: ð7Þ
The velocity components are given as follows:
u ¼ axf 0ðgÞ; v ¼ ðamÞ12fðgÞ; ð8Þ
and
VwðxÞ ¼ ðamÞ
1
2s; ð9Þ
where prime denotes differentiation with respect to g; s is the
constant mass flux where s > 0 for suction and s < 0 for injec-
tion. The transformed ordinary differential equations are as
follows:
f 000 þ ff 00  f 02 þ 2 þMð f 0Þ  Xf 0 ¼ 0; ð10Þ
1
Pr
h00 þ fh0  nf 0hþ ch ¼ 0; ð11Þ
subject to
fð0Þ ¼ s; f 0ð0Þ ¼ 1; f 0ð1Þ ¼ ; ð12Þ
hð0Þ ¼ 1; hð1Þ ¼ 0: ð13Þ
where,
M ¼ rB
2
0
aq
 
is the magnetic parameter;
 ¼ b
a
 
is the velocity ratio parameter;
X ¼ m
aK
 
is the permeability parameter;
Pr ¼ m
a
 
is the Prandtl number;Please cite this article in press as: Agbaje TM et al., A new numerical approach to MH
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aqcp
 
is the dimensionless heat generation=
absorption coefficient:
The physical quantities of main interest are the skin friction
coefficient Cf, and the local Nusselt number Nux, which are
defined as follows:
Cf ¼ sw
gU2w
; Nux ¼ hxx
k
;
where
sw ¼ l @u
@y
 
y¼0
is the wall shear stress;
hx ¼ qw
Tw  T1 is the local heat transfer coefficient;
qw ¼ k
@T
@y
 
y¼0
is the local heat flux;
l is the dynamic viscosity, and k is the thermal conductivity. It
can be readily shown that
Re
1
2
xCf ¼ f 00ð0Þ; Re
1
2
x Nux ¼ h0ð0Þ; ð14Þ
with
Rex ¼ UwðxÞxm ; being the local Reynolds number:
3. Method of solution
In this section we present the spectral perturbation method
(SPM) for solving Eqs. (10)–(13). Perturbation techniques in
general construct the solution for a problem by generating
asymptotic expansions of the perturbation parameter. Usually
the resulting solutions are complicated making it more difficult
to get higher-order perturbation approximations which leads
to less accurate results. In the proposed spectral perturbation
method, the way the series equations are obtained is not tai-
lored. They are generated in the same way as with perturbation
methods and then solved numerically using the Chebyshev
spectral method, a method well documented for its accuracy.
It becomes possible to get higher order approximate solutions
which are more accurate than the analytic approach. The
SPM can be efficiently used to find approximate solutions
for Eqs. (10)–(13) for sufficiently small values of the velocity
ratio parameter ().
Since Eqs. (10) and (11) are decoupled, once the solution
for fðgÞ has been found, Eq. (11) becomes linear. We will con-
struct a series expansion to approximate the solution for fðgÞ
by taking  as the small parameter and approximate
fðgÞ ¼
Xþ1
m¼0
mfmðgÞ: ð15Þ
Substituting (15) in Eq. (10) with corresponding boundary
conditions (12) and the balance terms of equal order of  gives
f 0000 þ f0f 000  f 020 ðMþXÞf 00¼ 0; f0ð0Þ¼ s; f 00ð0Þ¼ 1;
f 00ð1Þ¼ 0; ð16Þ
f 0001 þ f0f 001 ð2f 00þMþXÞf 01þ f 000 f1¼M; f1ð0Þ¼ 0;
f 01ð0Þ¼ 0; f 01ð1Þ¼ 1; ð17Þ
f 0002 þ f0f 002 ð2f 00þMþXÞf 02þ f 000 f2¼ f 021  f1f 001 1; ð18ÞD stagnation point flowand heat transfer towards a stretching sheet, Ain Shams
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f 000m þ f0f 00mð2f 00 þMþXÞf 0mþ f 000 fm¼
Xm1
i¼1
f 0i f
0
m1i fif 00m1i
 
;
ð19Þ
fmð0Þ¼ 0; f 0mð0Þ¼ 0; f 0mð1Þ¼ 0; mP 3:
An apparent advantage of the method at this stage is the
existence of the exact solution for Eq. (16) which is found to be
f0 ¼ sþ
1
a
ð1 eagÞ; a ¼ sþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2 þ 4ð1þMþ XÞp
2
: ð20Þ
The left hand sides of Eqs. (17)–(19) are linear and the right
hand sides are known from previous estimations. These equa-
tions therefore may be solved using any numerical method. In
the current work, the Chebyshev pseudo-spectral collocation
method is used to integrate Eqs. (17)–(19). The spectral
method has been found not only to be very accurate but also
easy to use and more computationally efficient than other
numerical methods since it requires only a few grid points in
the discretization process to give very accurate solutions. The
method is based on the Chebyshev polynomials defined on
the interval ½1; 1 by
TkðxÞ ¼ cos½k cos1ðxÞ: ð21Þ
The physical region ½0;1Þ is first transformed into the
region ½1; 1 using the domain truncation technique. The
problem is solved in the interval ½0;L instead of ½0;1Þ. This
leads to the following algebraic mapping
x ¼ 2g
L
 1; x 2 ½1; 1; ð22Þ
where L is the scaling parameter used to invoke the boundary
condition at infinity. The Chebyshev nodes in ½1; 1 are defined
by the Gauss–Lobatto collocation points [30,31] given by
xj ¼ cos pj
N
; x 2 ½1; 1 j ¼ 0; 1; . . . ;N; ð23Þ
where N is the number of collocation points. The basic idea
behind the spectral collocation method is the introduction of
a differentiation matrix D which is used to approximate the
derivatives of the unknown variable fmðgÞ, at the collocation
points (grid points) as the matrix vector product
dFð1Þm
dg
ðgjÞ ¼
XN
k¼0
DjkfðxkÞ ¼ DFm; j ¼ 0; 1; . . . ;N ð24Þ
where D ¼ 2D=L and
Fm ¼ ½fðx0Þ; fðx1Þ; . . . ; fðxNÞT
is the vector function at the collocation points. Higher order
derivatives are obtained as powers of D, that is
FðpÞm ¼ DpFm; ð25Þ
where p is the order of the derivative. The entries of the differ-
entiation matrix are given as [32,33];
Dkj ¼
cj
ck
ð1Þjþk
xjxk ; j– k;
 xk
2ð1x2
k
Þ ; 1 6 j ¼ k 6 N 1;
2N2þ1
6
; j ¼ k ¼ 0;
 2N2þ1
6
; j ¼ k ¼ N;
8>>><
>>>:Please cite this article in press as: Agbaje TM et al., A new numerical approach to MH
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cj ¼
2; j ¼ 0;N;
1; 1; 2; . . . ;N 1:
	
Substituting Eqs. (24) and (25) in (17)–(19) respectively gives
rise to the following matrix equations:
A1F1 ¼ B1;
XN
k¼0
D0kf1ðxkÞ ¼ 1;
XN
k¼0
DNkf1ðxkÞ ¼ 0;
f1ðxNÞ ¼ 0; ð26Þ
A2F2 ¼ B2;
XN
k¼0
D0kf2ðxkÞ ¼ 0;
XN
k¼0
DNkf2ðxkÞ ¼ 0;
f2ðxNÞ ¼ 0; ð27Þ
A3;m1Fm ¼ B3;m1;
XN
k¼0
D0kfmðxkÞ ¼ 0;
XN
k¼0
DNkfmðxkÞ ¼ 0;
fmðxNÞ ¼ 0; ð28Þ
where
A1 ¼ A2 ¼ A3;m1 ð29Þ
¼ D3 þ diagðf0ÞD2  diagð2f 00 ÞD ðMþ XÞDþ diagðf 000Þ; ð30Þ
B1 ¼ MðonesðNþ 1; 1ÞÞ; B2 ¼ f 21  f1f 001  1: ð31Þ
In the above definition diagðÞ represents a diagonal matrix of
size ðNþ 1Þ  ðNþ 1Þ. The vector B3;m1 is generated by eval-
uating the right hand side of Eq. (19) at the collocation points
with the derivatives replaced by spectral differentiation matri-
ces. Thus, starting from F0 the solutions Fm for mP 3 can be
obtained from
Fm ¼ A11;m1B1;m1: ð32Þ
Eq. (11) with corresponding boundary conditions (13) is then
solved using Chebyshev spectral method which yields an equa-
tion of the form
ð1=PrÞD2 þ diagðfmÞDþ cI diagðDfmÞ

 
H ¼ 0; hðx0Þ ¼ 1;
hðxNÞ ¼ 0; ð33Þ
with
H ¼ ½hðx0Þ; hðx1Þ; . . . ; hðxNÞT
and I is an ðNþ 1Þ  ðNþ 1Þ identity matrix.
3.1. Asymptotic solution for large perturbation parameter (M)
The behaviour of the solution to the governing Eq. (10) when
the magnetic parameter M is large will be considered in this
section. From Eq. (10), the order of magnitude analysis of
the various terms in the equation shows that the largest terms
are f 000; Mf 0, and M. As a result, these terms have to be bal-
anced, that is f 000 Mf 0 M. Balancing these terms can only
be done by assuming that g is small and thus derivatives with
respect to g are large. An appropriate scaling parameter needs
to be sought for f and g. On balancing f 000; Mf 0 and M, we
note that
g ¼ 1ﬃﬃﬃﬃﬃ
M
p and f ¼ ﬃﬃﬃﬃﬃ
M
p :
The following transformations are however introduced
f ¼ ﬃﬃﬃﬃﬃ
M
p Fð; gÞ; g ¼ 1ﬃﬃﬃﬃﬃ
M
p g: ð34ÞD stagnation point flowand heat transfer towards a stretching sheet, Ain Shams
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ing all through by M gives
F 000 þ kFF 00  kF 02 þ kþ 1 F 0  XkF 0; ð35Þ
subject to the boundary conditions
Fð0Þ ¼ 0; F 0ð0Þ ¼ 1

; F 0ð1Þ ¼ 1; ð36Þ
where k ¼ 1
M
.
Therefore, for sufficiently large M perturbation expansion
is done in powers of k. We search for a perturbation approxi-
mation in the format
FðgÞ ¼
Xþ1
m¼0
kmFmðgÞ: ð37Þ
Substituting Eq. (37) in (35) and balancing terms of equal
magnitude yields
F 0000  F 00 þ 1 ¼ 0; F0ð0Þ ¼ 0; F 00 ð0Þ ¼
1

; F 00 ð1Þ ¼ 1;
ð38Þ
F 0001  F 01 ¼ F 020  F0F000 þ XF 00  ; F1ð0Þ ¼ 0;
F 01 ð0Þ ¼ 0; F 01 ð1Þ ¼ 0; ð39Þ
F 000m  F 0m ¼ XF 0k1 þ
Xm1
i¼1
 F 0i F
0
m1i  FiF00m1i
 
; ð40Þ
Fmð0Þ ¼ 0; F 0mð0Þ ¼ 0; F 0mð1Þ ¼ 0; mP 2:
We note that the left hand side of the higher order pertur-
bation Eq. (40) is linear and the right hand side is known from
previous estimations for mP 2. Therefore we apply the
Chebyshev spectral collocation method described above to
integrate Eq. (40). It is worth mentioning that when k ¼ 0
there exists a closed form solution of the form
F0 ¼ eg  1þ 1

1 egð Þ þ g:Table 1 Comparison of the SPM and SQLM approximate
solutions of f 00ð0Þ at different values of M, s and X for  ¼ 0:1.
M s X SPM SQLM
0 0.5 0.5 1.48367118 1.48367118
1 0.5 0.5 1.75363323 1.75363323
5 0.5 0.5 2.58041185 2.58041185
2 0.1 1.0 1.93458858 1.93458858
2 0.5 1.0 2.13541374 2.13541374
2 1.0 1.0 2.41148887 2.41148887
2 0.5 0 1.84065471 1.84065471
2 0.5 1 2.13541374 2.13541374
2 0.5 5 3.00509001 3.005090013.2. Spectral quasilinearisation method (SQLM)
The quasilinearisation method (QLM) is basically a gener-
alised Newton–Raphson method that was originally proposed
and used by Bellman and Kalaba [34] for solving functional
equations. The QLM scheme is derived by linearising the non-
linear component of the governing equations using Taylor ser-
ies expansion with the assumption that the difference between
the value of the unknown functions at the current iteration
level (denoted by mþ 1) and the value at the previous iteration
level (denoted by m) is small. Applying the QLM to Eqs. (10)
and (11) gives,
f 000mþ1 þ fmf 00mþ1  ð2f 0m þMþ XÞf 0mþ1 þ f 00m fmþ1
¼ fmf 00m  ðf 0Þ2m  2 M; ð41Þ
fmð0Þ ¼ s; f 0mð0Þ ¼ 1; f 0mð1Þ ¼ ;
ð1=PrÞh00mþ1 þ fmþ1h0mþ1 þ ðc nf 0mþ1Þhmþ1 ¼ 0; ð42Þ
hmþ1ð0Þ ¼ 1; hmþ1ð1Þ ¼ 0; mP 1:
Eqs. (41) and (42) are solved using the Chebyshev spectral
method as discussed above, and hence the method here is
referred to as the spectral quasilinearisation method. It isPlease cite this article in press as: Agbaje TM et al., A new numerical approach to MH
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eg þ gþ s and h0 ¼ eg, to start the SQLM algorithm.
4. Results and discussion
The proposed spectral perturbation method was used to solve
the governing Eqs. (10)–(13) and the results are presented in
this section. Numerical solutions of the skin friction coefficient
and the heat transfer rate are presented. For all simulations,
unless mentioned otherwise, we used L ¼ 30, which was found
to give accurate results through numerical experimentation.
Increasing the value of L did not change the results to a signif-
icant extent. The number of collocation points used in the
spectral method discretization was N ¼ 100, unless indicated
otherwise. To validate the results we compare them with those
obtained using the spectral quasilinearisation method for the
same values of L and N.
Table 1 shows a comparison of the SPM and SQLM
approximate solutions of the skin friction coefficient f 00ð0Þ at
different values of the magnetic parameter (M), the suction
parameter (s > 0) and the permeability parameter (X). Com-
paring the SPM and SQLM results, it can be seen that they
are in good agreement for the set level of accuracy. As can
be seen from Table 1, the effect of the magnetic parameter is
to decrease the skin friction coefficient when  ¼ 0:1. The phys-
ical reasoning behind this result is that the presence of trans-
verse magnetic field sets in Lorentz force. The Lorentz force
in turn results in a retarding force on the velocity field and thus
asM increases, the retarding force also increases and hence the
momentum boundary layer thickness decreases consequently
decreasing the shear stress at the sheet. These results are con-
sistent with those of other analogous studies carried out by Qi
and Hong-Qing [15] and Sharma and Singh [18]. The suction
parameter and X are both seen to decrease f 00ð0Þ for fixed val-
ues of the magnetic parameter.
A comparison of the SPM and SQLM approximate solu-
tions of the Nusselt number for varying Prandtl number, the
constant n and heat source c parameters is shown in Table 2.
The comparison of the two results reveals a good agreement
for eight decimal places. The effect of the Prandtl number is
seen to reduce the heat transfer rate. Similarly the constant n
reduces the heat transfer rate while the heat source parameter
is seen to increase the heat transfer rate. The heat transfer rate
is reduced by increase in Pr and n due to the decreasing man-D stagnation point flowand heat transfer towards a stretching sheet, Ain Shams
Table 2 Comparison of the SPM and SQLM approximate
solutions of h0ð0Þ at different values of Pr, n and c for
M ¼ 1; s ¼ 0:5; X ¼ 1;  ¼ 0:1.
Pr n c SPM SQLM
0.7 0.5 0.5 0.09204405 0.09204405
1 0.5 0.5 0.04705260 0.04705260
3 0.5 0.5 3.22465634 3.22465634
0.7 0.1 0.5 0.31124149 0.31124149
0.7 0.5 0.5 0.09204405 0.09204405
0.7 1 0.5 1.57584749 1.57584749
0.7 0.5 0.1 0.06914104 0.06914104
0.7 0.5 0.5 0.09204405 0.09204405
0.7 0.5 1 0.27248249 0.27248249
Table 4 Comparison of the SPM and SQLM approximate
solutions of f 00ð0Þ for large M at different values of s, , and X.
M s  X Order SPM SQLM
10 1.0 0.1 1.0 11 3.16660302 3.16660302
25 1.0 0.1 1.0 7 4.70893064 4.70893064
50 1.0 0.1 1.0 6 6.51327850 6.51327850
100 1.0 0.1 1.0 5 9.10616039 9.10616039
150 1.0 0.1 1.0 5 11.10954274 11.10954274
10 1.0 0.5 1.0 12 1.93017839 1.93017839
25 1.0 0.5 1.0 8 2.73025340 2.73025340
50 1.0 0.5 1.0 7 3.70083628 3.70083628
100 1.0 0.5 1.0 5 5.11780454 5.11780454
150 1.0 0.5 1.0 5 6.22016614 6.22016614
10 1.0 0.8 1.0 14 0.95524152 0.95524152
25 1.0 0.8 1.0 8 1.21528866 1.21528866
50 1.0 0.8 1.0 7 1.56942012 1.56942012
100 1.0 0.8 1.0 6 2.11085400 2.11085400
150 1.0 0.8 1.0 5 2.54030986 2.54030986
Table 5 Comparison of SPM and SQLM approximate
solutions for f 00ð0Þ against those of Ibrahim et al. [8] and
Hayat et al. [35] for different values of , when M ¼ s ¼ X ¼ 0.
 f 00ð0Þ
SPM SQLM Ref. [8] Ref. [35]
0.01 0.9980 0.9980 0.9980 0.99802
0.02 0.9958 0.9958 – 0.99578
0.05 0.9876 0.9876 – 0.98757
0.10 0.9694 0.9694 0.9694 0.96938
0.20 0.9181 0.9181 0.9181 0.91810
0.50 0.6673 0.6673 0.6673 0.66732
1.00 – 0.0000 – 0.00000
2.00 – 2.0175 2.0175 2.01750
3.00 – 4.7293 4.7292 4.72928
6 T.M. Agbaje et al.ner of the thermal boundary layer thickness with increase in
these parameters.
The efficiency of the method is demonstrated in Table 3.
SPM approximate solutions of the skin friction are presented
for varying magnetic parameter values at different iterations.
As can be seen from the table, converging results are reached
after relatively very few iterations. The results also show that
the method worked for larger magnetic parameter values and
convergence was achieved at even fewer iterations.
Table 4 shows the asymptotic solutions of f 00ð0Þ for large
perturbation parameter. The results in the table show that
the SPM works even for large parameter values. The conver-
gence rate is seen to improve with increase in the parameter
value.
In order to assess the accuracy of the numerical method, we
have compared the local skin friction coefficients f 00ð0Þ and
h0ð0Þ for different values of  and Pr with the previously pub-
lished data [8,35]. The comparisons are shown in Tables 5 and
6, where we observe an excellent agreement to the results in the
literature. This gives confidence that the current numerical
results are accurate.
Fig. 2 shows the effect of the velocity ratio parameter , on
the velocity profile. From the figure, it can be seen that the
velocity decreases with increase in values of  < 1. This implies
that there is a considerable decrease in the boundary layer with
increase in . Increased values of  means that the free stream
velocity surpasses the stretching velocity, which in turn results
in increase in pressure and straining motion near the stagna-
tion point thus reducing the boundary layer thickness.Table 3 SPM approximate solutions of f 00ð0Þ at different orders of
M 3rd order 4th order
0 1.17935081 1.17935081
1 1.44059145 1.44062852
5 2.22678443 2.22679794
10 2.94707748 2.94708358
15 3.53171816 3.53172178
20 4.03688009 4.03688254
25 4.48819198 4.48819378
30 4.89990358 4.89990498
40 5.63719670 5.63719763
50 6.29158545 6.29158613
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Eng J (2015), http://dx.doi.org/10.1016/j.asej.2015.10.015The effect of the magnetic parameter M, on the velocity
profile f0ðgÞ, is displayed in Fig. 3. The velocity profile
decreases with increase in the magnetic parameter. This hap-
pens for the same reason as for the decrease in the skin friction
coefficient in Table 1.
Fig. 4 illustrates the effect of the permeability parameter X,
on the velocity profile. It can be observed that as X increases,approximation for s ¼ 0:5; X ¼ 0:5;  ¼ 0:1.
6th order 9th order 10th order
1.17935963 1.17935957 1.17935957
1.44062948 1.44062948 1.44062948
2.22679790 2.22679790 2.22679790
2.94708356 2.94708356 2.94708356
3.53172177 3.53172177 3.53172177
4.03688254 4.03688254 4.03688254
4.48819378 4.48819378 4.48819378
4.89990498 4.89990498 4.89990498
5.63719763 5.63719763 5.63719763
6.29158613 6.29158613 6.29158613
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Table 6 Comparison of SPM and SQLM approximate
solutions for local Nusselt number h0ð0Þ against those of
Ibrahim et al. [8] for different values of , and Pr when
n ¼ c ¼ X ¼M ¼ 0.
 h0(0)
Pr SPM SQLM Ref. [8]
0.1 1 0.6022 0.6022 0.6022
0.2 1 0.6245 0.6245 0.6245
0.5 1 0.6924 0.6924 0.6924
0.1 1.5 0.7768 0.7768 0.7768
0.2 1.5 0.7971 0.7971 0.7971
0.5 1.5 0.8648 0.8648 0.8648
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Figure 2 Effect of the velocity ratio parameter on the velocity
profile when M ¼ 15; X ¼ 1; s ¼ 0:5; N ¼ 60; L ¼ 20.
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Figure 3 Effect of the magnetic parameter M on the velocity
profile when X ¼ 0:5; s ¼ 0:5;  ¼ 0:1.
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Figure 4 Effect of the permeability parameter X on the velocity
profile when M ¼ 0:5; s ¼ 0:5;  ¼ 0:1.
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Figure 5 Effect of suction, s > 0 on the velocity profile when
X ¼ 0:5; M ¼ 0:5;  ¼ 0:1.
MHD stagnation point flow and heat transfer 7the velocity profile decreases. This is due to the fact that the
porous medium results into a drag force called the Darcy force
which decelerates the fluid in the boundary layer.
The effect of suction and injection on the velocity profile is
shown in Figs. 5 and 6 respectively. From the figures, it can be
seen that for both cases the velocity decreases with increase in
suction and injection with effect being more pronounced for
the suction case. For  ¼ 0:1, suction implies a decrease in skin
friction coefficient as seen in Table 1 which is caused by the
increased thickness of the momentum boundary layer hence
decelerating the flow near the surface of the wall.
Fig. 7 presents the skin friction coefficient f 00ð0Þ against the
magnetic parameter. As seen and discussed earlier in Table 3,
the figure concurs with the earlier results.
In Fig. 8 the permeability parameter X is shown to decrease
the skin friction coefficient as seen earlier in Table 1. A similar
effect of suction and injection is observed in Fig. 9 on the skin
friction coefficient as with the velocity profiles in Figs. 5 and 6.
Both suction and injection are seen to decrease the skin friction
with effect prominent with the suction case.
Fig. 10 presents the effect of the Prandtl number on the
temperature profile. From the figure, it can be observed that
the temperature profile decreases with increase in Pr. This is
because of the fact that as the Prandtl number increases, ther-Please cite this article in press as: Agbaje TM et al., A new numerical approach to MHD stagnation point flowand heat transfer towards a stretching sheet, Ain Shams
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Figure 6 Effect of injection, s < 0 on the velocity profile when
X ¼ 0:5; M ¼ 0:5;  ¼ 0:1.
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Figure 7 Effect of the magnetic parameter on the skin friction
coefficient when X ¼ 0:5; s ¼ 0:5;  ¼ 0:1; M ¼ 0:5.
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Figure 8 Effect of the permeability parameter on the skin
friction coefficient when M ¼ 0:5; s ¼ 0:5;  ¼ 0:1; X ¼ 0:5.
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Figure 9 Effect of suction/injection on the skin friction coeffi-
cient when M ¼ 0:5; X ¼ 0:5;  ¼ 0:1; s ¼ 0:5.
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Figure 10 Effect of the Prandtl number Pr on the temperature
profile when n ¼ 0:5; c ¼ 0:5;  ¼ 0:1; s ¼ 0:5.
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pronounced for small Prandtl number because the thermal
boundary layer thickness is comparatively large.
Fig. 11 presents the effect of the temperature index constant
n, on the temperature profile. The temperature profile is
decreasing with increase in n due to the decreasing manner
of the thermal boundary layer thickness with increase in this
parameter.
The effect of the heat generation parameter on the temper-
ature profile is shown in Fig. 12. The temperature profile
increases with increase in the heat generation parameter. The
heat sink parameter on the other hand is shown to decrease
the temperature profile in Fig. 13. It is physically expected that
the temperature increases when a heat source is introduced
into the system and the opposite when volumetric heat supply
is decreased.
Fig. 14 shows that the influence of Pr andM with respect to
heat transfer rate (h0ð0Þ). It is seen form this figure that
h0ð0Þ increases with the increasing value of Pr. But h0ð0ÞD stagnation point flowand heat transfer towards a stretching sheet, Ain Shams
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Figure 11 Effect of the constant n on the temperature profile
when Pr ¼ 0:7; c ¼ 0:1;  ¼ 0:1; M ¼ 0:5.
0 2 4 6 8 10
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
η
θ
(η
)
γ=   0
γ= 0.1
γ= 0.2
γ= 0.3
Figure 12 Effect of heat source, c > 0 on the temperature profile
when n ¼ 0:5; Pr ¼ 1.
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Figure 13 Effect of heat sink, c < 0 on the temperature profile
when n ¼ 0:5; Pr ¼ 0:75;  ¼ 0:1; M ¼ 0:5.
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Figure 14 Effect of the Prandtl number Pr on h0ð0Þ with
respect to M when n ¼ 0:5; c ¼ 0:1;  ¼ 0:1; M ¼ 0:5.
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
n = 0
n = 0.5
n = 1
Figure 15 Effect of n on the h0ð0Þ with respect to X when
c ¼ 0:1; Pr ¼ 0:75;  ¼ 0:1; M ¼ 0:5.
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5. Conclusions
The purpose of the current study was to present a spectral
perturbation method (SPM), for solving boundary value prob-
lems. The governing equations of the flow and heat transfer of
an incompressible electrically conducting fluid near the stagna-
tion point on a stretching sheet are solved in this paper. The
flow model is considered the effects of heat source/sink and
suction/injection in porous media. Approximate numerical
solutions of the skin friction coefficient, Nusselt number,
velocity profile and temperature profile are generated using
the SPM at different flow parameter values. Asymptotic solu-
tions of the skin friction coefficient for large perturbation
parameter are also generated. The SPM results are validatedD stagnation point flowand heat transfer towards a stretching sheet, Ain Shams
10 T.M. Agbaje et al.using the spectral quasi-linearisation method (SQLM), where a
good agreement between the two sets of results is achieved up
to a fixed level of accuracy. The outcomes results are also
found to be in agreement with those found in previous studies
in the literature.
The study demonstrates that the SPM can be used as an
alternative approach to get numerical solutions for
complicated expansions encountered in perturbation schemes.
With the SPM, higher order approximate solutions are possi-
ble to find, where not possible or very difficult to find with
the usual perturbation schemes. For problems similar to the
one investigated in this study, the SPM can be used efficiently
even for complicated expansions which are not possible to
solve analytically beyond the first approximation. Inasmuch
as the SPM is limited to problems with small parameters, accu-
rate numerical solutions are possible to find as compared to
the ordinary perturbation schemes. It would be interesting to
assess the applicability of the method to problems where the
small parameter is introduced to widen the scope of problems
that can be solved using the SPM.
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